INTRODUCTION
In this paper, we consider the nonlinear parabolic boundary value problem on the infinite strip a = {(x, t) / 0 < x < I, -co < t < + aI>.
The central theorem of the paper gives sufficient conditions for problems(1 .l), (1.2) to have a solution Y(X, t) which is periodic in t. Similar theorems have been proven by Prodi [lo] and Vaghi [11, 121 ; existence theorems for a system of equations have been given by Kusano [7] ; and results for (1 .l) with different boundary conditions have been given by Farlow [3] and Mal'cev [8, 9] . In this paper, we expand the class of functions f(x, t, U, p) for which this problem is known to have a solution. In particular, relying on an existence theorem for a less general problem in Bange [l] , the general condition on f(x, t, IL, p) is given in terms of upper and lower solutions to certain ordinary differential equations. Corollaries to this theorem give more explicit conditions on its behavior which guarantee the existence of a solution.
PRELIMINARIES
In this section we shall give some definitions and summarize results that are required later.
For points Z'r = (xi , r t ) and Pz = (x, , tz) in two-dimensional Euclidean space R, , we define the parabolic distance from PI to Pz by the metric Following customary notation, we have the following norms on a function U(X, t) on a set A in R,:
where 0 < o < 1. We shall say that u(x, t) is a member of HGlder class O(A) in case I u 1," < 00 for q = 0, u, 1 + u, 2 + u. We shall let C&A) denote the subspace of Co(A) whose members are periodic in t of period T.
A function h(y, a) satisfies a Holder conditions in y with exponent (I on a set Y x ZinR,incase I ~(YI 9 2) -h(y,,+ < H I yl -y2 lo for all (yr , a), (y2 , a) in Y x Z for some constant H. In case the inequality holds for some H independently of z, we say that h satisfies a Hiilder condition in y, uniformly with respect to z.
Let f (x, t) be a continuous function on a which is periodic in t with period T 
has a unique periodic solution of period T which may be written u(x, t) = s_i, s,' G(x, c t, ~lfC.5 4 df dT, where G(x, t; 5, 7) is the Green's function for Lu = 0 on a rectangle. We shall let S denote the Banach space of functions u(x, t) which are periodic in t of period T; continuous on 0; and have a continuous partial derivative with respect to x on Liz. The norm of S will be given by The following lemma on upper and lower solutions will be used in the proof of Theorem 3.1. has a unique solution y(x; y1 , y2) for any y1 , y2 . Also, if y1 and y2 are positive, then y(x; y1 , y2) is positive on [a, b] . By standard continuous dependence theorems for initial value problems, for small positive E, there is a positive solution to (2.5). Using a similar argument, it can also be shown that if (2.4) has a negative lower solution on [a, b] , then (2.5) h as a negative solution for small positive E.
AN EXISTENCE THEOREM
In this section we state and prove the central theorem of this paper. In order to show the existence of a solution to problem (l.l), (1.2) we will require the following hypotheses:
(i) f(x, t, u, p) is periodic in t of period T; (ii) f(x, t, u, p) is continuous for 0 < x < I and all t, u, p, satisfies a Holder condition in (x, t) jointly with exponent 0, and satisfies local Holder conditions in u and in p, uniformly with respect to t, with exponents a; Proof. We shall let &x, t) denote the unique, periodic solution to the problem Lu = 0 with boundary conditions (1.2). The existence and uniqueness of h(x, t) is well known.
For facility in reading the mathematical expressions, we shall often write LX(X) and ,9(x) simply as 01 and 8, keeping in mind their dependence on x. With this, we introduce a new function qx, 4 u, P) = f (x9 t, % P) -(u -4, for u < 01, = f (x, t, u, P), for OL < u < /3, (3.1) = f (x, t, 6, P) -(u -8),
for u > @.
We next consider the equation Lu = --F(x, t, 24, 24,) (3.2) with boundary conditions (1.2). By defining it is easy to see that OL and p are still lower and upper solutions, respectively, for the differential equations corresponding to _Fx, u, p) and P(x, u, p). The theorem will be proven by showing that problem (3.2), (1.2) has a periodic solution u(x, t) with 01 < u(x, t) < /3. ) w(x, t) = qx, t) -B(x), a function which is continuous and periodic on n. It is very easy to verify that if w(x, t) achieves a positive maximum, m, at (x*, t*), then this point is an interior point of Q. Consequently, it would follow that 0 < q(X*, t*) -wz.(x*, t*) = ?qx*, t") -e, (x*9 t*> + pyx*> < Myx*, t*, "(xyt*), Q(x*, t*)) + ( is Holder continuous in x, uniformly with respect to t, and so Q(X, t) is the unique periodic solution to this equation satisfying (1.2). The Leray-Schauder fixedpoint theorem (such as stated in [4, Theorem 3, p. 1891) will be applied to obtain the existence of a fixed point for W(V; 1) and hence the solution to (3.2), (192) .
For the first step, we derive a priori bounds on any fixed point of W(V; A). By Since if Nr < N, we would have the desired bound, suppose therefore that Nr > N,; then y&NJ < h,(N,). Next restrict 6 so that 6 < M/y,,(N,). Then by condition (iii), at the maximum of j x2(x, t)l we have 4 G % + YMM(W j-1, s,' I G(x, t; 5, 41 4 dT + M joz I G&T t; t, t -S)l @. (3.8) Using usual representations for the Green's function, it is possible to show that for 0 < t -7 < S,
where B is a constant independent of t, 7, 1, and 6. Inequality (3.8) then yields for t -7 < S, and hence
Since the right side of (3.9) is a nonincreasing function of Nr , there is an a priori bound on 1 Q(X, t)l, say N. Consequently, any possible solution of W(V; h) = v is bounded in the norm of 5'. It may be verified by the use of the Ascoli-Arzela theorem that W is a completely continuous operator. It is also a relatively easy exercise to show that for fixed h, W(v; X) is a continuous function of v, and on bounded subsets of S, W(V; h) is uniformly continuous in X. Since u*(O, t), zl*(Z, t) > 0, and u*(x, t) + +coast-+ --co,bythefirstLemma of Westphal [13] , any periodic solution of (3.11), (2.2) is bounded by u*(x, t). Then since u*(x, t) + 0 as t -+ + co, any such solution must be nonpositive on a. Using a similar argument with 01 -j3, we can show that such a solution is also nonnegative. Consequently the only periodic solution to (3.11), (2.2) is the trivial solution.
By the Leray-Schauder theorem, it follows that W(V; 1) = v has a solution; i.e., problem (3.1), (1.2) h as a periodic solution U(X, t) satisfying (3.5) . This then is the periodic solution of (1. I), (1.2) w h ose existence has been sought.
The above is a very general existence theorem which gives rise to some questions. The conditions (i)-(iv) are standard or expected hypotheses in this type of theorem, but the additional hypothesis of Theorem 3.1, namely, the existence of a(x) and /3(x), is quite different and does not give specific restrictions on the behavior of f(~, t, u, p). It is natural therefore to ask for less general corollaries which give additional conditions onf(x, t, u, p) guaranteeing the existence of a(x) and /3(x). Moreover, since (3.5) gives some estimates, although perhaps very imprecise, on the solution, it would be even more useful to find these functions. We offer here two corollaries that partially answer these questions. Other corollaries of this type may be obtained by using the theorems of Gaines [2] to construct the suitable lower and upper solutions.
Finally there remain two questions left unanswered here. Vaghi was also able to show uniqueness of the solution; what other conditions will assure uniqueness for the solution of Theorem 3.1 ? It would also be useful to have a constructive technique for obtaining or approximating this solution.
